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Multi-peripheral kinematics

The importance of the multi-peripheral kinematics (MPK) was realized long time ago.

In high energy perturbative QCD this kinematics provides the dominant contributions.
In the process of multi-particle producton A+ B — Py + P + ...+ P, + P, the

multi-Regge kinematics (MRK) means that all final particles are well separated in
_|_

rapidity space: yo > y1 > ... > vy, > y,.1, here rapidities y; = %ln Z_
k; = k:_nl +kz_n2 +k; 1, where k,j_ = (kmg), kz_ = (kinl), and n% = n% =0, (nl,ng) =1

In the next-to-leading logarithmic approximation (NLA) the contribution of the
guasi-multi-Regge kinematics (QMRK) also must be taken into account. In QMRK
Instead of one particle P; we have jet J;, so as within it particles have close rapidities.
We can consider both MRK and QMRK cases treating with jets J; consisting of one or

two particles.
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Hypothesis of the gluon Reggeization

The ground of the BFKL approach is assertion that the MPK amplitudes with the gluon
exchange and negative signature are dominant, and their real part acquires the form:

§R le n ew(Qi>(yi—1_yi) 7, ew(qn+1)(yn_yn+1)

i=1 i1

R4
Jn+1B'

2
q(n—i—l)J_

The hypothesis is extremely powerful:
It allows us to express scattering amplitudes only through several effective vertices and gluon trajectory.
It creates the basis of the BFKL approach to the theoretical description of high energy scattering.

The Pomeron and Odderon in QCD appear as the compound state of the Reggeized gluons.

© o o o

The effective action based on Reggeized gluons is the most general way of the solution of saturation

and unitarization problems.

°

It gives a link between QCD and the String Theory.
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The ground of the BFKL approach is assertion that the MPK amplitudes with the gluon
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%A B le ew(QZ>(yz—1 yz) 7, ew(Qn—|—1)<yn yn—|—1) Rn—|-1
2—-n+2 — 1 J A H 2 fsz'Ri+1 2 Jn+1B”
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Hypothesis of the gluon Reggeization

n w(qi)(Yi—1—Yi)
— e

i Rpt1
fyRi Rii1

Jn_|_1B'

3 3
i=1 Gir n+1)L

) e (an+1) (Yn—yn+1)
The gluon Regge trajectory w(t) was calculated up to two loops.
V.S. Fadin, R. Fiore and M.I. Kotsky, Phys. Lett. B387 (1996) 593

In the integral form the trajectory is known also for arbitrary space-time D.
V.S. Fadin, R. Fiore, M.l. Kotsky, Phys. Lett. B359 (1995) 181

In the limit ¢ — 0 we have in terms of Born trajectory

N.T'(1—e) T3 (e € o
w(l) (t) — _92 (47‘(’§D/2) F(Z(eg <_qi) X TS

explicit expression

(1) 2
e 30]

J. Blumlein, V. Ravindran and W.L. van Neerven, Phys. Rev. D58 (1998) 091502
V. Del Duca and E.W.N. Glover, JHEP 0110 (2001) 035
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Hypothesis of the gluon Reggeization

n

(Qi)(yi—l_yi) w(qn—l—l)(yn_yn—i—l)

I'd, o and T, are the vertices describing transitions Q — Q" and G — G
in collision with Reggeon R. Now they are known with NLO accuracy.

In light cone gauge the vertex of gluon transition can be written as:

Moo =—9(0)e®) Too
(D)
a, . = r‘g@{1 + Q(t) E F (1) + (1 —€) — 20(1 + €)—
B 9(1 +€)? + 2 n¢ (14 €)3 + € ”Jr
2(1+€)(1+26)(3+2¢) N. (14 ¢€)2(1+ 2€)(3 + 2¢)

2 Y

a ! g v qJ_qJ_

TS, V( P — (D — 2 )
TolGaeiuer (90 = (D =27 2= ) o A T 26 (3 1 2¢)

l+e— —

Ew(1> n
(t) ( Nf )

V.S. Fadin, L.N. Lipatov, Nucl. Phys. B406 (1993) 259
For NLO FS,Q see V.S. Fadin, R. Fiore, A. Quartarolo, Phys. Rev. D50 (1994) 2265
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Hypothesis of the gluon Reggeization

n W(Qi)(yi—l_yi) w(qn—l—l)(yn_yn—i—l)
~R € Ji € Ry
§RA2—>TL+2 — 1—‘JOlA H 2 ,yRiRi—i—l 2 Jn—:_llB
i=1 9L Un+1)L
FfQ,G,}Q, FfQ@ . and FfGl GyyG are vertices describing the fragmenta-

tion of initial state particle in collision with Reggeon R.

?Gng}G = (T“Tc)rm.2 (A((/ﬂ — :Clk)L) — A((CCle — wle)L))_

_ (TCTCL)“?;2 (.A((—kg — .CCQ]C)J_) — A((Qfgkl — xle)J_))

Alpa) = 5 [maraeies) s ep)s — ma(eie) s (e3p)s — waleie) s (eip).

L.N. Lipatov, V.S. Fadin, Yad. Fiz. 50 (1989)
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Hypothesis of the gluon Reggeization

= R, ew(Qi)(yi—l—yi) 7, ew(Qn+1)(yn—’yn+1) Roin
%A2—>n—|—2 — FJOA H 2 7R¢R¢+1 Jni1B
i=1 9L Un+1)L

V% R, is the vertex of one gluon production.
Yeres (a1, a2) = 915, € (k)C" (g2, q1)
q q
C"(q2,q1) = —qy — g% +nff (kl +2k+) —ng(ki + 2k )
L.N. Lipatov, Yad. Fiz. 23 (1976) 642

Different parts of this NLO vertex were calculated in some works:

V.S. Fadin, L.N. Lipatov, Nucl. Phys. B406 (1993) 259

V.S. Fadin, R. Fiore, A. Quartarolo, Phys. Rev. D50 (1994) 5893
V.S. Fadin, R. Fiore, M.l. Kotsky, Phys. Lett. B389 (1996) 737
Now it is known in the NLO for arbitrary D = 4 + 2¢

V.S. Fadin, R. Fiore, A. Papa, Phys. Rev. D63 (2001) 034001, hep-ph/0008006
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Hypothesis of the gluon Reggeization

n

(q:)(Yi—1—9i) wW(gn+1)(Yn—Yn+1)
“R e 7, e R,
%A2—>n—|—2 — FjolA H 2 ’sz’Ri—H 5 FJn_:_llB

The vertices for two-gluon fyg;g; and quark-antiquark production 71%6& in

Reggeon-Reggeon collision were found for the first time in the work:
L.N. Lipatov, V.S. Fadin, Yad. Phys. 50 (1989)
Recently they were obtained together with vertices RPP, RRP, RPPP,

E.A. Antonov, L.N. Lipatov, E.A. Kuraeyv, |.O. Cherednikov, Nucl. Phys. B721 (2005)
111, hep-ph/0411185

from the effective action:
L.N. Lipatov, Nucl.Phys. B452 (1995) 369; Phys.Rep. 286 (1997) 131

XL PNPI Winter School, 20-26 February, 2006 — p. 4/13



The method of the Reggeization proof

The proof of the gluon Reggeization in LLA was performed 30 years ago by

In NLA the gluon Reggeization proof is grounded now on the bootstrap relations (b.r.):

1 n+1 . J—1 . S B 9 < )
— | D0 disey = Y disea, | AT/ WRRE) = 5 - AR a()/(WiPB)

that allow us to express partial derivatives 9/9dy; of the amplitudes, through the certain
combination of discontinuities of the signaturized amplitudes:

S means symmetrization with respect to simultaneous change of signs of all s; ; with
1 < k < j, performed independently for each number of channel £k =1,....n+ 1.
One of the methods for the b.r. derivation is based on the Steinmann theorem in
conjunction with general analytical properties of the MRK amplitudes
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Bootstrap relations and gluon Reggeization in NLA

It is sufficient to prove b.r. with NLO accuracy only for symmetrized production

n—+1

S 5i,j (Wi 2
9= 1 ()" =5 (s ot

i<j=1 v

where arbitrary «;; ~ a.g are only non-zero for some set of non-overlapping channels.

The following formulae complete the ground of b.r. (the second is valid only in NLO?!).

n+1 J—1 n+1 9
— ( Z discs, , Zdisesm) SP = ( Z ;| — Zalﬂ> SP = @SP
=0 J

l=j+1 I=j+1

XL PNPI Winter School, 20-26 February, 2006 — p. 6/13



Bootstrap relations and gluon Reggeization in NLA

It is sufficient to prove b.r. with NLO accuracy only for symmetrized production

n—+1
sp=8 TJ (jfiemy) = =hm o (1 o).
i<j=1 ¢

where arbitrary «;; ~ a.g are only non-zero for some set of non-overlapping channels.

If we prove the b.r. in perturbative calculation, it will means the proof of the Regge form
In NLA, since one can recursively calculate Regge amplitudes loop-by-loop in all orders
of coupling constant using MRK amplitudes only in the one loop approximation for
every n as an input. Indeed, b.r. express all partial derivatives of the real parts at some
number of loops through the discontinuities, calculated using the s-channel unitarity in
terms of amplitudes with a smaller number of loops. In the NLA only real parts of the
amplitudes do contribute in the unitarity relations.
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Bootstrap relations and gluon Reggeization in NLA

In order to verify that Regge form of the amplitude is the solution of b.r. equation, we
iInsert the Regge form of the amplitude and arrive at the ultimate form of b.r.

1 n+1 71—1
. . S L . .
i Z discs;, — Zdlscsl’j A g2 = (W(Ej41) —w(ty)) RA2—ppo
S0 — T < Sjnt1
S PR Sjn
S25. 7 TN Sl

Jo| S| Jo J; Ji I |Int1

A A A A A A i i

a1 Q2 q4;  qj+1 dn+1

A B
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Bootstrap relations and gluon Reggeization in NLA

In order to verify that Regge form of the amplitude is the solution of b.r. equation, we
iInsert the Regge form of the amplitude and arrive at the ultimate form of b.r.

1 n—+1 . j—1 |
—1T1 Z dlscsjal - ZdlSCSl,j A‘29—>n+2 — (w(tj—i-l) _W(tj))%/b—mw
I=75+1 =0

The verification of b.r. fulfilment has some remarkable features:

® |tis possible to reduce all infi nite set of b.r. to limited numberof restrictions, named as bootstrap

conditions, on the gluon trajectory and the Reggeon vertices.
All bootstrap conditions are demonstrated to be satisfi ed by the known NLO vertices and the trajectory.

Calculated separately discontinuities in the |.h.s. of the b.r. hold all the representations of colour group,

but their sum contains only colour octets in every g;—channel.
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Calculation of discontinuities

Calculation of discontinuities in the |.h.s. of the b.r. is performed by the unitarity relation.

Jo J Ji-1 Jj Jit1 In Jnt1

A

n+l w(q1)(yo—y1)

. _ . —R; €

- = 4@(277)]3 25<Q(j+1)¢ —q;1 — Z ku)dlscsij Ag—>n+2 — F,IolA e X
1= 11
J w(q)(yi—1—y1) n _ .
J_l € —1— 7 n—_Yn+1
X (H ’lez—le 2 ) <‘].7RJ| < H 6K(yl yl)‘jl) QK(y Int )|‘]’n+1B>
1=2 91 l=j+1
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Calculation of discontinuities

Calculation of discontinuities in the |.h.s. of the b.r. is performed by the unitarity relation.

Jo Jl Jj_l Jj Jj+1 Jn Jn+1

ntl w(q1)(yo—v1)
. _ . —R, €
= — 4i(2m)" 7?6 (q(j11)1 — @1 — E Fiy )discs, A5 0 =Ty a 7 X
= 11
/ w(@) (yi-1-y1) noos -
J_l € —1— 7 n—_Yn+1
x (HVRZHRZ 5 ><JjRj< [] &~ yl)jl) fn=uni)| ], B)
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Calculation of discontinuities

Calculation of discontinuities in the |.h.s. of the b.r. is performed by the unitarity relation.

Jo Jl Jj_l Jj Jj+1 Jn Jn+1

n+l _Rl ew(Q1)(y0_y1)

— — 47,(27T)D 5<q(]_|_1)J_ qjl — Z ku discg, A2_>n+2 FJoA 2 <
=y 11
w(q)(Yi—1—y1) n . .
e — p— —
(H ’sz 1Rl 5 > <JJR]| ( H GK(yl—l yl)%) elC(yn Yn+1) |Jn_|_1B>
91 .

V.S. Fadin, R. Fiore, M.G. Kozlov, A.V. Reznichenko, hep-ph/0602006
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Elements of the bootstrap conditions

Jooo T Jj Jjt1 Iy T

—Q+K,, Q=w@)+w@), K =K>-KEKEA

: c GGIRRIG) ~ 3 / Vi 1s 2<2f§‘£_1

In our consideration we need only NLO octet non-forward BFKL kernel

V.S. Fadin, D.A. Gorbachey, Yad. Fiz. 63, 2253 (2000); JETP Lett., 71, 222, (2000)
NLO forward singlet BFKL kernel is the most interesting for physical applications:
V.S. Fadin, L.N. Lipatov, Phys. Lett. B429 (1998) 127

M. Ciafaloni, G. Camici, Phys. Lett. B430 (1998) 349
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Elements of the bootstrap conditions

JO Jl ‘]j*I ‘]j ‘]j+1 Jn Jn+1

=0+ K., Q=w@®)+w@), K =K>-KEKEA

s , (G1Go| K2 |G1Gh) ~ ;/Vélgﬂ%% 2(2?;'1]9_1

In contrast to the singlet kernel our quantity is non-physical, being singular as % In

D = 4 + 2¢ regularization. The complete calculation of non-forward BFKL kernel within
NLO for arbitrary colour representation has been accomplished only recently. The
non-divergent form of its physical part has been found as well.
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Elements of the bootstrap conditions

JO Jl Jj*I ‘]j Jj+1 Jn Jn+1

Green function

P ﬁ ﬁ Y; =yj—1 — y;, A s the collinear divergence regularizator

A B
yj—1—A 21— A 2m1—A
w ~ A A
~ ) . N _ . Q . . AA
G(Y;)" = E / e Wi-1mFI R / dzoettF1722) K8 / dzpettFn VI K8 =

=3 bt e 1= - KPA)GY) (1 - KEA)
n=0
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Elements of the bootstrap conditions

Jooo Jia Jit1 Jn Jnt1

-- Impact-factors

(JoA| = (JoA|A (1 — KBA)

(oAl ~ 3 [ (x9,0% - 15,1%, )do

(JR | = (JiRi|*(1 - KEA)

(JiRi|G1Ga)™ ~ ) /(%‘éiglrng - VéiQQF%J)d%
J

V.S. Fadin, Diffraction 2002, Ed. by R. Fiore et al., NATO Science Series, Vol. 101, p.235.
J. Bartels, V.S. Fadin, R. Fiore, Nucl.Phys. B672 (2003) 329-356
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Elements of the bootstrap conditions

Jooo Jia Jit1 Jn Jnt1

-- Jet production operator

J.= 2~ (RGP + GPRP)A
(G1G5 T |G1Ga) ~ [fygig, 6(ras —151)751 06,05 + V5 g 0(r1L — 11 0)r710g, 61 +

dza {J;G} _G2Gl G _GaG
+Z/ A 2 Qﬂ. D—1 <7Q19’ je ’ +791Q’7{J C?’})

V.S. Fadin, Diffraction 2002, Ed. by R. Fiore et al., NATO Science Series, Vol. 101, p.235.
J. Bartels, V.S. Fadin, R. Fiore, Nucl.Phys. B672 (2003) 329-356
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Bootstrap conditions for elastic case

G2

_ —R,
(JoA| = gT j a(Rw(qaL)l

_ R,
[ Jnt1B) = gI'; :_rllB|Rw(QBL)> G

n

M. Braun, G.P. Vacca, Phys. Lett. B477 (2000) 156
V.S. Fadin, R. Fiore, M.l. Kotsky and A. Papa, Phys. Rev. D61 (2000) 094005, 094006

KIR.(q1)) = w(g1)|Ru(qL)) = w(qL)X

The following normalization 5 %= (R., (¢, )|Ru(q.)) = —6(¢, — 1 )w(q.) is adopted.

V.S. Fadin, A. Papa, Nucl.Phys. B649 (2002) 309, hep-ph/0206079
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Bootstrap conditions for inelastic case

962 (Ru(qi1)|T; + (JiRi| = 9V pa1 (Ro(@ir10)ls Ji = {G1G2, QQ}

V.S. Fadin, Diffraction 2002, Ed. by R. Fiore et al., NATO Science Series, Vol. 101, p.235.
V.S. Fadin, M.G. Kozlov, A.V. Reznichenko, Yad. Fiz. 67 (2004) 377-393

947 (Ru(0)|Gi + (GiRi| = 975 g, o1 (R (qig11)]

V.S. Fadin, M.G. Kozlov, A.V. Reznichenko, (2006) to be published
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Quark Reggeization in LLA

w1 w2 Wnat1
2—n+2 A’A dl R1R> d2 Ry Rn+1 dn—|-1 B'B
4
a2, wg(gq:), InG channel
d; = i w; = 4 72Cr (m — ﬁu)dD_QkL |
A wolgi) = - / . in Qchannel
gz_l_ \ ( z) (27T)D 1 (m . %J_x% _ k)i

All engaged vertices and trajectory were calculated with necessary LO accuracy:
V.S. Fadin, V.E. Sherman, Zh. Eksp. Teor. Fiz. 23 (1976), 599; 72 (1977), 1640
wgo IS known now up to two loops for arbitrary space-time dimension D:

A.V. Bogdan, V. Del Duca, V.S. Fadin and E.W.N. Glover, JHEP 203 (2002), 32
A.V. Bogdan, V.S. Fadin, Yad. Fiz. 68 (2005), 1659-1675

The proof is performed by treating LO bootstrap conditions to bootstrap relations:
A.V. Bogdan, V.S. Fadin, Nucl. Phys. B, to be published (2006), hep-ph/0601117

XL PNPI Winter School, 20-26 February, 2006 — p. 12/13



Quark Reggeization in LLA

w1 wa Wn 41
AR _ _fZlA S1 ,YP1 So . .,)/Pn Sn+1 FRn—l—l
2—n+2 ! R1R R, R, B'B
dy T2 do o dp1

Following vertices are calculated in NLO now:

%%1%5&4

L.N. Lipatov, M.l. Vyazovsky, Nucl. Phys. B597 (2001) 399

V.S. Fadin, R. Fiore, Phys. Rev. D64 (2001) 114012

M.l. Kotsky, L.N. Lipatov, A. Principe, Vyazovsky, Nucl. Phys. B648 (2003) 277

but two residual effective vertices RoGRg and RgQRg have not been obtained yet:

T

Their calculation will allow us to perform the proof of quark Reggeization within NLA.
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Conclusion
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Conclusion

® The gluon Reggeization is the remarkable QCD property that is very important for theoretic
description of high energy processes.
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Conclusion

® The gluon Reggeization is the remarkable QCD property that is very important for theoretic
description of high energy processes.

#® Reggeization was proved in the LLA thirty years ago.

# In NLA it remained hypothesis up to date. The presented proof is based on bootstrap
relations: their fulfi Iment ensures the Regge form of the MRK amplitude within NLA.

# Infi nite number of the bootstrap relations is reduced to several bootstrap conditions for the
gluon trajectory and vertices.

# All the bootstrap conditions are formulated explicitly and checked to be true by means of
calculated NLO effective vertices and gluon trajectory.
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® Quark Reggeization is required by the hadron phenomenology to construct Reggeons as a
colourless states of Reggeized quarks.
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Conclusion

® The gluon Reggeization is the remarkable QCD property that is very important for theoretic
description of high energy processes.

#® Reggeization was proved in the LLA thirty years ago.

# In NLA it remained hypothesis up to date. The presented proof is based on bootstrap
relations: their fulfi Iment ensures the Regge form of the MRK amplitude within NLA.

# Infi nite number of the bootstrap relations is reduced to several bootstrap conditions for the
gluon trajectory and vertices.

# All the bootstrap conditions are formulated explicitly and checked to be true by means of
calculated NLO effective vertices and gluon trajectory.

Now the Reggeization hypothesis is well-grounded in the NLA as well as in the LLA
® Quark Reggeization is required by the hadron phenomenology to construct Reggeons as a

colourless states of Reggeized quarks.

# This phenomenon has been recently proved in the LLA in the same bootstrap scheme.

# Now the calculation of NLO vertices RoGRg and RgQRg Is the primary task.
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