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Закрученные частицы: генерация 
и потенциальные приложения в квантовой физике
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Classical light: 

• Plane waves

• Spherical waves

• Cylindrical waves

Quantum light: 

• Plane-wave photons

• Spherical (waves of) photons

• Cylindrical (waves of) photons 

or the twisted photons

Each wave can be represented as a superposition 
of the waves from the other set

Each wave function (eigenvector) in a set 
can be represented 

as a superposition of the wave functions (eigenvectors) 
from the other set

https://www.researchgate.net/profile/Miikka-Tikander-2/publication/242641740/figure/fig1/AS:298423984115712@1448161230440/Propagation-of-a-plane-waves-and-b-spherical-waves_W640.jpg

Plane vs. spherical:



Quantum light

• Plane-wave photons: ௫, ௬, ௭ + polarization

• Spherical (waves of) photons: | |, l, m (= ௭) + polarization

• The cylindrical (twisted) photons: ୄ, ௭, m (= ௭ or J_z) + polarization



Радиально поляризованный свет

4Youngworth, Brown, Optics express 7, 77-87 (2000)



Beams with quantized angular momentum

– plane waves

– spherical waves

– cylindrical waves
(Bessel beams)

K.Y. Bliokh, et al., 
PRL 99 (2007) 190404

Generalizations for relativistic bosons and fermions 
are straightforward! 5

Basic exact solutions to the wave equations



Doughnut- (or bagel-, Brezel-) shaped 
spatial distribution

The uncertainty relation: 
the definite L_z implies indefinite azimuthal angle!

P. Carruthers, M.M. Nieto, 
Rev. Mod. Phys. 40, 411 (1968)



7

Цилиндрическая волна 
с угловым моментом = 0





Classically: the radiation is twisted always 
when the electron trajectory is helical!

9
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         The first generation of vortex electrons

• M. Uchida and A. Tonomura, Nature 464, 737 (2010),

• J. Verbeeck, et al., Nature 467 (2010) 301–304,

• B. J. McMorran, et al., Science 331, 192 (2011)

• The highest electron energy is 300 keV

• The highest angular momentum so far is ~ 1000!

• The smallest spot size is 0.1 nm!

Two main methods:

 Spiral phase plates  Gratings with a fork dislocation

Beams with quantized angular momentum

Atomic scale! 11



Beams with quantized angular momentum

K.Y. Bliokh et al. / Physics Reports 690 (2017) 1–70

Vortex electrons: the probability current has an azimuthal component
(recall the Bohmian interpretation of QM)

The electron magnetic moment can be huge!

12
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Twisted photons generated in neutron stars

DK, Di Piazza, PRD 108, 063007 (2023);  Pavlov, DK, PRD 109, 036017 (2024)

Relativistic Landau states in a magnetic field

The evolved photon state:



14/33
DK, Di Piazza, PRD 108, 063007 (2023);  Pavlov, DK, PRD 109, 036017 (2024)



Vortex/twisted neutrons

At the National Institute of Standards and Technology (NIST), USA: 
Created in a 20 MW reactor, cooled in a cryogenic moderator to 20K, 

and transported through 30 m of neutron guides.

15

E = 11 meV, wavelength = 0.27 nm ,
Transverse coherence length: 60 nm – 1 µm

Beam diameter: 15 mm
Fluence ~ 10^5 – 10^7 neutrons/cm^2*sec.





Visualization of the neutron transverse coherence length

E = 11 meV, wavelength = 0.27 nm ,
Transverse coherence length: 60 nm – 1 µm

Beam diameter: 15 mm

Recall Bohmian interpretation of QM!



Vortex/twisted neutrons

18
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«Note that the experiment is an expectation valued measurement over many events, 
each of which involves only a single neutron. That is, there is one neutron at a time in the interferometer 

and the hologram is build up from an incoherent superposition of many events»
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Twisted atoms and ions

August 2021!

Luski et al., Science 373, 1105 (2021)

Wavelength = 90 pm, 
Transverse coherence length ~ 840 nm
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Twisted atoms and ions

Luski et al., Science 373, 1105 (2021)

Helium and neon atoms and dimers

Wavelength = 90 pm, 

Transverse coherence length ~ 840 nm
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The statement 
(rather optimistic)

it is possible to obtain twisted photons, electrons, protons, ions, … 

in pretty much all QED/QCD/weak processes: 

non-linear Thomson/Compton scattering, e-e+ annihilation, Cherenkov emission, etc.

We choose the final states as twisted ones 

and calculate the probability 

(which can be lower or higher)!
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On a deeper level 
(moderately optimistic)

1. The choice of the final states implies existence of such a detector

For instance, one can calculate the probability for the generation 

of gamma-ray vortices via non-linear Compton sc., but how do we make such a detector?

2. Without specifying the detector, one can judge if the state is twisted

via the formalism of evolved states:

3. Once we know that a twisted state is generated,

we can detect it with whichever detector we have!
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The probability to detect a twisted state 

 the probability amplitude to generate the twisted state

Differences from the standard approach:

1. No dependence on the detector choice: we derive the state as it is

2. The dependence on a phase of an S-matrix element is kept
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QFT approach for photon emission

The field operators:
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1. The probability amplitude in momentum space:

2. The probability amplitude in space-time:

QFT approach for photon emission



27/46

If the electron is detected in a state the photon evolved state becomes

The 2-particle entangled state:

The electron detector function
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If the electron is a plane wave:

3 delta-functions 4 delta-functions

The photon evolved state is a plane wave!
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Quantum tomography naturally arises in photon emission

(even if the detected electron is a plane wave)

The vacuum contribution
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Quantum tomography naturally arises in photon emission

(even if the detected electron is a plane wave)

The photon Wigner function:
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The first marginal distribution:

The second marginal distribution:

The customary probability in momentum space!

The probability 

in space-time!
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Quantum tomography naturally arises in photon emission

(even if the detected electron is a plane wave)

1. The energy density of the photon evolved state in space-time

depends on the shape of the incoming electron packet:

a snapshot of the electron wave function!

2. Complementary measurements – the phase space and the Wigner functions

come into play!
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Now let’s detect the electron 
in the generalized measurement scheme

The electron is detected in a state

The detector function can be of the Gaussian form:

1. Projective (von Neumann) measurements: the errors are vanishing

2. Generalized (realistic) measurements: some errors can be finite:

a. Without the loss of information

b. With the loss of information
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Consider 2 2 scattering/annihilation:
en en, np  np, ep  ep, e+mu e+mu, etc.

Generation of vortex particles via generalized measurements
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Projective: a plane-wave state Projective: a Bessel beam Generalized: a Bessel-like wave packet

Generation of vortex particles via generalized measurements

D.K., et al., Eur. Phys. J. C 83, 372 (2023)



D.K., et al., Eur. Phys. J. C 83, 372 (2023)
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When the uncertainty approaches 2 pi:

Generation of vortex particles via generalized measurements

Cherenkov radiation:
the electron scattering angle 

is ~ 10^-6 – 10^-5 rad!  





D.K., et al., Eur. Phys. J. C 83, 372 (2023)
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Here we have an effective projection to the state with the OAM=0, 

detected at the vanishing scattering angle

Undulator radiation at XFEL: 
the electron scattering angles are ~ 10^-6 – 10^-3 rad!  



D.K., et al., Eur. Phys. J. C 83, 372 (2023)
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When the uncertainty approaches 2 pi:

The vector potential 
of the evolved state

Example 2: Non-linear Compton scattering at the s-th harmonic/helical undulator

- with a Volkov electron

- with a Bessel-Volkov electron

Generation of vortex particles via generalized measurements

Example 1: Cherenkov radiation
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A POVM scheme: does the loss of information destroy the photon vorticity?

If the plane-wave detector is used:

For a cylindrical-basis detector:

Even with the loss of information, 
the twisted photons are still generated!



Stripping medium technique

42

On the way to experiments at accelerators….

The project of the relativistic vortex electron source

at Joint Institute for Nuclear research (Dubna):

• First at a 6-MeV electron photo-gun,

• Then at the 200-MeV linac

https://rscf.ru/en/project/23-62-10026/



Planar-to-circular beam adapters:
analogous to Hermite-Gaussian  Laguerre-Gaussian conversion of light

Burov A, Nagaitsev S and Derbenev Y, 
Phys. Rev. E 66 016503, 2002

• Round beams for circular colliders: 
elimination of betatron resonances, increase of the beam lifetime.

• Flat beams for linear colliders: 
to increase the luminosity and to suppress the beamstrahlung, 
and to enhance the efficiency of generation of em radiation 

from X-rays to THz (say, for Smith-Purcell radiation). 

43

Vortex electrons, ions, nuclei,… - generation strategies at accelerators
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Busch H 1926 
Berechnung der Bahn 

von Kathodenstrahlen im 
axialsymmetrischen 
elektromagnetischen 
Felde Ann. Phys. 386 

974
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The Busch theorem: 
a charged beam/particle in magnetic field gets vorticity

In quantum mechanics, the canonic OAM is an integer:

(ħ=1)
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The flux of the field through the area of the beam (classical) 
or of the wave packet (quantum):

Akin to the Aharonov-Bohm effect:

The Busch theorem: 
a charged beam/particle in magnetic field gets vorticity



<L> is conserved during the acceleration!
Canonical angular momentum versus charge (a) and photocathode drive-laser beam spot size (b).

Up to <L> ~ 10^8*ħ!

• UV laser, cesium telluride photocathode
• e: 4 MeV/c  16 MeV/c after the booster cavity

47



*Ehberger D, et al., Phys. Rev. Lett. 114, 227601 (2015)
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Electron wave packets: reference numbers

The rms-radii in SEMs, TEMs, electron accelerators, photo-electrons, etc.: 

~ 1-100 nm

Example 1: a radius of the ground Landau state in the field H ~ 0.1-10 T is

Example 2: the transverse coherence length of an electron
from a Tungsten photo-cathode or a field-emitter (at room temperature) is*  

~ 0.5 - 1 nm

~ 10-100 nm
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“We use a freestanding carbon nanotube (CNT) as an 
electron beam splitter, which acts as a biprism filament

with nanometer radius”

van Cittert–Zernicke
theorem

At room temperature!



Floettmann, DK., PRA 102, 043517 (2020); DK., New J. Phys. 23 (2021) 033048
50/46

The realistic estimate:

For electrons

• H > 100 T for Tungsten at room temperature,

• Or to cool the emitter down to ~10 K: the electron inelastic mean free path in metals

is ~ 10 nm - 1000 nm for of 3.5–178 K,

• Or to employ special cathodes: GaAs, ring-shaped, photo-cathode with a twisted laser, etc.

The Busch theorem: 
a charged beam/particle in magnetic field gets vorticity



Magnetized photocathode with twisted light

1. The photon OAM can be transferred to photo-electrons

2.   The electron transverse coherence length can correlate 

   with that of the photon

3.   The pulsed magnetic field higher than 1 T can be used;

 it is required only in the generation region!

4.   Photocathodes with a ring-shaped emissive area 

on a non-emissive background (also, for field emission!)

   can be used
51

The Busch theorem: 
a charged beam/particle in magnetic field gets vorticity



Stripping medium technique

Nitrogen: Z from +3 to +7

Uranium: Z from +33-34 to +77-81The energies: from 10s to 100s MeV/u

Magnetized stripping foil technique for ions



Stripping medium technique

Requirements:

• Negligible space charge (no Coulomb repulsion)

• The transverse coherence larger than 100 nm at H ~ 1 T

• No emittance degradation: small scattering in the target
53

The quantum Busch theorem for ions:

Magnetized stripping foil technique for ions
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The general spreading law is

For the LG packet in the far-field (<z>  >> z_R):

For the ground mode, n= ell=0, this is the van Cittert–Zernike theorem!

D.K., New J. Phys. 23 (2021) 033048

Magnetized stripping foil technique for ions
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Examples:

Magnetized stripping foil technique for ions

1. A 100 keV proton with n = ℓ = 0 spreads from ρ(0) 1 Angstrom to 1 − 100 μm: 

the needed distance is z 7 mm − 70 cm, respectively.

2. For higher energies of ε 1 MeV, the distance to spread from 1 nm to 100 μm

is 1 − 10 meters.

Good news:

But can we really neglect scattering in the foil?
(for beams of many ions - yes)
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If the final ion is an LG:

Magnetized stripping foil technique for ions

From the Busch theoremDecreases as the LG packet spreads 

n << ellAssuming we get

We require that the opening angle of the momentum cone

be larger than the scattering angle in the foil
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Magnetized stripping foil technique for ions

We take light ions or protons with the energy of a few 100 keV with

and get:

Whereas the typical scattering angles are
(https://web-docs.gsi.de/~weick/atima/atima14.html)

~ 1-100 mrad!

It this that pessimistic as it seems?
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Magnetized stripping foil technique for ions

• An ion interacts with the solenoid magnetic field and a nucleus of the foil

• The scattered ions are projected on the plane waves - what defines their azimuthal angle

for a thin target (carbon)?

• If the ion packet is very wide, there is no preferential angle,

and the ion evolved state may not necessarily be the plane wave

• This can no longer be a pure state but a mixed one, “averaged” over impact-parameters

So, there is no solid reason to think 
that the ion evolved state is a plane wave
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If the final ion is an LG (pure or mixed):

Magnetized stripping foil technique for ions

From the Busch theorem

Large scattering angles imply large transverse momenta, so

1. Either it is not an LG that is generated – it can well be!

2. Or it still is an LG but with n >> ell – it is also possible!

Defined by the scattering



In linear fields, the OAM, the beam quality,

and the emittance are conserved! 60

The real inhomogeneous fields
can be approximated as:

Acceleration of charged particles with vortices and photon emission

The fields may be inhomogeneous for a beam,
but still homogeneous for an ion/proton/electron packet!
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Inside a magnetic lens, the vortex electron is in the Landau state

DK, Di Piazza, PRD 108, 063007 (2023);  Pavlov, DK, PRD 109, 036017 (2024)

Relativistic Landau states

The evolved photon state:



62/46DK, Di Piazza, PRD 108, 063007 (2023);  Pavlov, DK, PRD 109, 036017 (2024)
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An effective time period of loosing the vorticity: s=3, p_z << m

Li+He2
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An effective time period of loosing the vorticity: s=3, p_z << m

U238_37+



1. The evolved-state formalism says if the twisted states are really generated

2. With two final particles, one can make one of them twisted by projecting the other one

onto the vortex – pure or mixed – state with the OAM =0

3. This generalized-measurement technique can be used to generate vortex states

of highly energetic protons, nuclei, ions, atoms, and so forth

4. Even when projecting the electron to the plane-wave, the photon state depends

on a phase and on a transverse coherence of the incoming electron (quantum tomography)

5. The magnetized cathode & stripping foil techniques for electrons and ions

can be tested together with more conventional methods

6. Once twisted, charged particles can be accelerated in a linac without loss of the OAM

Summary



1. Twisted photons: optical manipulations, tweezers, non-dipole effects in atoms, nuclei, …

2. Vortex electrons: electron microscopy, magnetic materials, entanglement in QED,

quantum measurements, etc.

3. Vortex protons: proton spin puzzle, deep inelastic ep, pp, … scattering, etc.

4. Vortex neutrons: low-energy nuclear physics, probing strong interactions

beyond the perturbative QCD

5. Vortex atoms, ions, nuclei: the role of center-of-mass

Quantum optics with massive -- especially composite – particles is much fun!

Potential applications



Thank you!

d.karlovets@gmail.com
https://physics.itmo.ru/ru/research-group/5430

Special thanks to Andrei Surzhykov, 
Dima Glazov, Andrei Volotka, Valery 

Serbo, Igor Ivanov, Antonino Di Piazza,  
as well to my group: George Sizykh, 
Alisa Chaikovskaia, Dima Grosman, 

Ilia Pavlov, and many others
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Scattering amplitude:

Standard Schwinger cross section (plane waves):

What's the use of twisted neutrons?

J. Schwinger, Phys. Rev. 73, 407 (1948)

No sensitivity to:
1. The neutron’s helicity
2. Re a



Macroscopic target (incoherent superposition of many nuclei):

Angular singularity at instead of 0!

What's the use of twisted neutrons?



What's the use of twisted neutrons?

Neutron helicity!
Depends on Re a!

Helicity asymmetry:

For a target of a finite width, 
we average the probability with



What's the use of twisted neutrons?

Averaged over the azimuthal angle of the final neutron:



What's the use of twisted neutrons?



What's the use of twisted neutrons?

Within the momentum cone

the asymmetry reaches the values
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“The triangular coils induce perpendicular 
phase gradients along the directions that are 

also perpendicular to the direction of the 
incoming spin state. Pairs of triangular coils 

then effectively act as LOV prism pairs.” H ~ 0.014 T
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Vortex neutrons
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Sarenac et al., Sci. Adv. 8, eadd2002 (2022)

The more recent technique: arrays with N = 2500*2500 on silicon substrates



Sarenac et al., Sci. Adv. 8, eadd2002 (2022)



Sarenac et al., Sci. Adv. 8, eadd2002 (2022)



Sarenac et al., Sci. Adv. 8, eadd2002 (2022)



Sarenac et al., Sci. Adv. 8, eadd2002 (2022)

The more recent technique: arrays with N = 2500*2500 on silicon substrates

The phase gratings were placed 17.8 m away 
from a 20-mm diameter source aperture

At the High Flux Isotope Reactor at Oak Ridge National Laboratory

The distance from the phase grating 
to the camera was 19 m, and the camera 
size spans an area of ≈1 m^2, with each 
pixel being ≈5.5 mm by 4.1 mm in size.
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Airy photons and electrons

N. Voloch-Bloch, et al.,
Nature (London) 494, 331 (2013)

J. Baumgartl, et al.,
Nature Phot. 2, 675 (2008)

A snowblower for particles!



Sizykh, et al., arXiv: 2306.13161v1;
Zou, Zhang, Silenko, arXiv: 2207.14105v1 84/38

Non-stationary states in magnetic field

An electron in a constant and homogeneous magnetic field: the stationary Landau state

An electron in a magnetic lens (solenoid) with sharp boundaries 

A non-stationary Landau-like state? 



Sizykh, et al., arXiv: 2306.13161v1;
Zou, Zhang, Silenko, arXiv: 2207.14105v1 85/38

We substitute this to the Schrödinger equation and get:

Only a very special choice of the initial conditions 

yields the customary Landau state!

Non-stationary states in magnetic field
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Suppose that at t=0 a free LG state enters the solenoid:

So now the mean energy becomes greater:

And the rms radius also becomes greater:

Non-stationary states in magnetic field



Sizykh, et al., arXiv: 2306.13161v1 87/38

Quantum betatron oscillations
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Quantum scattering theory 
beyond the plane-wave approximation 

The generalized cross section
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The probability

The luminosity
via the Wigner functions

The correlator

Scattering of general wave packets
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When the wave packets are wide:

Even the first term is NOT yet the plane-wave cross section!

DK, Serbo, PRD 101, 076009 (2020)

Scattering of general wave packets
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The correction due to quantum interference:

DK, Serbo, PRD 101, 076009 (2020)

Scattering of general wave packets



92/46

Collision of a Gaussian packet with a vortex packet

S-channel at

Leptons:

Hadrons:
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With the vortex particles, the cross section does depend 
on the amplitude’s phase already at the tree level!

Probing the phase in plane-wave scattering
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Quantum interference

An effective impact-parameter 
(akin to the Goos-Hänchen shift in optics):

Scattering assymetry:

DK, Serbo, PRD 101, 076009 (2020)

In the perturbative regime
for ep, pp very roughly:


