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Çàãàäêà òåìíîé ìàòåðèè

Ãèïîòåçà åå ñóùåñòâîâàíèÿ îáúÿñíÿåò íàáëþäåíèÿ â øèðîêîì
äèàïîçîíå ìàñøòàáîâ:

• ãàëàêòè÷åñêèå � êðèâûå âðàùåíèÿ;

• ñâåðõãàëàêòè÷åñêèå � íàáëþäåíèÿ ãðàâèòàöèîííîãî
ëèíçèðîâàíèÿ;

• êîñìîëîãè÷åñêèå � ôîðìèðîâàíèå ñòðóêòóð, ïîëíàÿ ìàññà
ìàòåðèè âî Âñåëåííîé.
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Êðèâûå âðàùåíèÿ ãàëàêòèê

Ðàññìîòðèì â ãàëàêòèêå çâåçäó, èìåþùóþ ñêîðîñòü v , äëÿ
ïðîñòîòû ïðåäïîëàãàÿ åå äâèæåíèå ïî îêðóæíîñòè, òîãäà

v2

r
=

GM(r)

r2
(1)

Êðèâàÿ âðàùåíèÿ � ãðàôèê ôóíêöèè

v(r) =

√
GM(r)

r
(2)

Åñëè ìàññà ãäå-òî çàêàí÷èâàåòñÿ, òî M(r) âûõîäèò íà

êîíñòàíòó è v(r) ïðè áîëüøèõ r äîëæíî óáûâàòü, êàê
1√
r
, íî...
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Ïðèðîäà òåìíîé ìàòåðèè âñå åùå íå ÿñíà!

Â ðàìêàõ ìîäåëè ΛCDM � ñîâðåìåííîé ñòàíäàðòíîé ìîäåëè
êîñìîëîãèè � ñâîéñòâà òåìíîé ìàòåðèè áëèçêè ê ñâîéñòâàì
íåðåëÿòèâèñòñêîé ïûëåâèäíîé ìàòåðèè.

Èäåè îïèñàíèÿ ïðèðîäû òåìíîé ìàòåðèè:

• WIMPs (Weakly Interacting Massive Particles);

• àêñèîííàÿ òåìíàÿ ìàòåðèÿ;

• FCDM (Fuzzy Cold Dark Matter);

• SIDM (Self-Interacting Dark Matter);

• . . .

Îäíàêî, ïîïûòêè åå äåòåêòèðîâàíèÿ (îáíàðóæåíèÿ åå
âçàèìîäåéñòâèÿ ñ îáû÷íîé ìàòåðèåé) íå äàþò ðåçóëüòàòà!
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Ìîæåò áûòü, òåìíîé ìàòåðèè íà ñàìîì äåëå íå ñóùåñòâóåò,
à îíà ÿâëÿåòñÿ ýôôåêòîì îïèñàíèÿ ãðàâèòàöèîííîãî
âçàèìîäåéñòâèÿ?

Âîçìîæíûå âàðèàíòû ìîäèôèêàöèè òåîðèè ãðàâèòàöèè:
• MOND (Modi�ed Newtonian Dynamics, Ìèëãðîì, 1983)

ìîäèôèöèðóåì çàêîí âñåìèðíîãî òÿãîòåíèÿ, âìåñòî

F = m
GM

r2
(3)

ïîñòóëèðóåì, íàïðèìåð

F = m
GM

r2

√
1+ a0

/
GM

r2
, a0 ≈ 10−10ì/ñ2 (4)

òîãäà ïðè GM
r2

≫ a0 áóäåò ðàáîòàòü îáû÷íûé çàêîí, à ïðè
GM
r2

≪ a0 áóäåò

F = m

√
a0GM

r
(5)
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• f (R)-ãðàâèòàöèÿ;

• ñêàëÿðíî-òåíçîðíûå ìîäåëè ãðàâèòàöèè;

• ìèìåòè÷åñêàÿ ãðàâèòàöèÿ;

• . . .

• òåîðèÿ âëîæåíèÿ (embedding gravity)

×òîáû áûëà âîçìîæíîñòü îáúÿñíèòü âñå ñâÿçûâàåìûå ñ òåìíîé
ìàòåðèåé ýôôåêòû, ìîäèôèêàöèÿ ãðàâèòàöèè äîëæíà îáëàäàòü
äîñòàòî÷íî áîëüøèì ÷èñëîì äîïîëíèòåëüíûõ ñòåïåíåé ñâîáîäû!
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Ñêîïëåíèå ãàëàêòèê Ïóëÿ (Bullet Cluster)
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Ìèìåòè÷åñêàÿ ãðàâèòàöèÿ

S = SEH[g(...)] + Sm[g(...)], SEH = − 1

2κ

∫
d4x

√
−g R (6)

gµν = g̃µν g̃
αβ(∂αφ)(∂βφ)

(
⇒ gµν(∂µφ)(∂νφ) ≡ 1

)
(7)

Gµν − κ Tµν = κρ(∂µφ)(∂νφ), Dµ(ρg
µν∂νφ) = 0,

ρ ≡ 1

κ
gµν(Gµν − κ Tµν) (8)

(A.H. Chamseddine, V. Mukhanov, JHEP, 2013:11 (2013), 135, arXiv:1308.5410)

Ýêâèâàëåíòíàÿ ôîðìóëèðîâêà â âèäå ÎÒÎ ñ äîïîëíèòåëüíîé
ìèìåòè÷åñêîé (òåìíîé?!) ìàòåðèåé:

S = SEH + Sm + S+ (9)

S+ = −1

2

∫
d4x

√
−g ρ

(
1− gµν(∂µφ)(∂νφ)

)
(10)

(A. Golovnev, Phys.Lett.B, 728 (2014), 39, arXiv:1310.2790)
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Òåîðèÿ âëîæåíèÿ (embedding gravity)

Ïðîñòîé ãåîìåòðè÷åñêèé ñìûñë � ìåòðèêà ñòàíîâèòñÿ
èíäóöèðîâàííîé ìåòðèêîé

gµν = ηab(∂µy
a)(∂νy

b) (11)

÷åòûðåõìåðíîé ïîâåðõíîñòè â ïëîñêîì îáúåìëþùåì
ïðîñòðàíñòâå, îïèñûâàåìîé ôóíêöèåé âëîæåíèÿ ya(xµ)
(µ, ν = 0, . . . , 3, a, b = 0, . . . , 9).

Ñ.À. Ïàñòîí (ÑÏáÃÓ, ÏÈßÔ) Òåìíàÿ ìàòåðèÿ â ïîäõîäå òåîðèè âëîæåíèÿ:... 11 / 52



Òåîðåìà Æàíå-Êàðòàíà-Ôðèäìàíà:

ïðîèçâîëüíîå n-ìåðíîå àíàëèòè÷åñêîå ïñåâäîðèìàíîâî
ïðîñòðàíñòâî ñ ñèãíàòóðîé (n+, n−) ìîæåò áûòü ëîêàëüíî
èçîìåòðè÷åñêè âëîæåíî â ëþáîå N-ìåðíîå ïñåâäîðèìàíîâî
ïðîñòðàíñòâî ñ ñèãíàòóðîé (N+,N−), åñëè

N ⩾
n(n + 1)

2
, N+ ⩾ n+, N− ⩾ n− (12)

Äëÿ ÷åòûðåõìåðíîãî ïðîñòðàíñòâà-âðåìåíè ìîæíî, â
÷àñòíîñòè, èñïîëüçîâàòü ïëîñêîå îáúåìëþùåå ïðîñòðàíñòâî
Ìèíêîâñêîãî R1,9.
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Âëîæåíèå Ôðîíñäàëà äëÿ ÷åðíîé äûðû Øâàðöøèëüäà
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Äåéñòâèå îáû÷íîå, íî îò íîâîé ïåðåìåííîé:

S = SEH
[
gµν [y

a]
]
+Sm

[
gµν [y

a]
]
, SEH = − 1

2κ

∫
d4x

√
−g R (13)

(T. Regge, C. Teitelboim, "General relativity a la string: a progress report",

Proceedings of the First Marcel Grossmann Meeting (Trieste, Italy, 1975),

1977, p. 77, arXiv:1612.05256)
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Ïåðâîíà÷àëüíàÿ èäåÿ òåîðèè âëîæåíèÿ � ïåðåïèñàòü ÎÒÎ
ñõîäíî ñ òåîðèåé ñòðóíû â íàäåæäå íà óëó÷øåíèå ïðîöåäóðû
êâàíòîâàíèÿ.

Íî � ëèøíèå ðåøåíèÿ!

Óðàâíåíèÿ äâèæåíèÿ (óðàâíåíèÿ Ðåäæå-Òåéòåëüáîéìà)

Dµ

(
(Gµν − κ Tµν) ∂νy

a
)
= 0 (14)

Ðåäæå è Òåéòåëüáîéì: ââåäåì ad hoc äîïîëíèòåëüíûå ñâÿçè

Gµ0 − κ Tµ0 = 0 (15)
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Óðàâíåíèÿ Ðåäæå-Òåéòåëüáîéìà ìîæíî ïåðåïèñàòü â âèäå
óðàâíåíèé Ýéíøòåéíà ñ äîïîëíèòåëüíûì âêëàäîì τµν �
ÒÝÈ ôèêòèâíîé ìàòåðèè (òåìíîé ìàòåðèè èëè ýíåðãèè?!):

Gµν = κ (Tµν + τµν)

Dµ

(
τµν∂νy

a
)
= 0

ηab(∂µy
a)(∂νy

b) = gµν (16)

(M. Pavsic, Class. Quant. Grav., 2 (1985), 869, arXiv:1403.6316)

Ýêâèâàëåíòíàÿ ôîðìóëèðîâêà â âèäå ÎÒÎ ñ äîïîëíèòåëüíîé
ôèêòèâíîé ìàòåðèåé:

S = SEH + Sm + S+ (17)

ãäå

S+ =
1

2

∫
d4x

√
−g
(
(∂µy

a)(∂νy
b)ηab − gµν

)
τµν (18)

(S. P., Phys. Rev. D, 96 (2017), 084059, arXiv:1708.03944),

åñëè ñ÷èòàòü íåçàâèñèìûìè ìåòðèêó gµν è âåëè÷èíû ya è τµν .
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Ôèêòèâíóþ ìàòåðèþ îïèñûâàþò 10 êîìïîíåíò ya

è 10 êîìïîíåíò τµν = τνµ, ïîä÷èíåííûõ óðàâíåíèÿì äâèæåíèÿ:

Dµτ
µν = 0 (19)

τµνbaµν = 0 (20)

ηab(∂µy
a)(∂νy

b) = gµν (21)

ãäå baµν = Dµ∂νy
a � âòîðàÿ îñíîâíàÿ ôîðìà ïîâåðõíîñòè,

õàðàêòåðèçóþùàÿ åå âíåøíþþ êðèâèçíó.
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Àíàëèç íà êîñìîëîãè÷åñêèõ ìàñøòàáàõ

Íåîáõîäèìî ïîíÿòü, êàêóþ ôîðìó èìååò ïîâåðõíîñòü, ò.å.
âûáðàòü âèä âëîæåíèÿ ya(xµ) äëÿ ìåòðèêè Ôðèäìàíà.

Èçâåñòíû îáëàäàþùèå ñîîòâåòñòâóþùåé ñèììåòðèåé
ïÿòèìåðíûå âëîæåíèÿ äëÿ êàæäîé èç ìîäåëåé Ôðèäìàíà:

çàêðûòàÿ ìîäåëü Ôðèäìàíà (ñèãíàòóðà (+−−−−))

y0 =

∫
dt
√
ȧ2(t) + 1

y1 = a(t) cosχ

y2 = a(t) sinχ cos θ

y3 = a(t) sinχ sin θ cosφ

y4 = a(t) sinχ sin θ sinφ

(22)

äëÿ ìåòðèêè

ds2 = dt2 − a2(t)
(
dχ2 + sin2 χ

(
dθ2 + sin2 θ dφ2

))
(23)
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îòêðûòàÿ ìîäåëü Ôðèäìàíà (ñèãíàòóðà (+−−−−))

y0 = a(t) chχ

y1 = a(t) shχ cos θ

y2 = a(t) shχ sin θ cosφ

y3 = a(t) shχ sin θ sinφ

y4 =

∫
dt
√
ȧ2(t)− 1

(24)

äëÿ ìåòðèêè

ds2 = dt2 − a2(t)
(
dχ2 + sh2 χ

(
dθ2 + sin2 θ dφ2

))
(25)
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ïðîñòðàíñòâåííî-ïëîñêàÿ ìîäåëü Ôðèäìàíà (ñèãíàòóðà
(+−−−−))

y0 =
1

2

(
r2a(t) +

∫
dt

ȧ(t)
+ a(t)

)
y1 =

1

2

(
r2a(t) +

∫
dt

ȧ(t)
− a(t)

)
y2 = a(t) r cos θ

y3 = a(t) r sin θ cosφ

y4 = a(t) r sin θ sinφ

(26)

äëÿ ìåòðèêè

ds2 = dt2 − a2(t)
(
dr2 + r2

(
dθ2 + sin2 θ dφ2

))
(27)
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Ïðîâåäåííûé àíàëèç ïîêàçàë, ÷òî ïðè èñïîëüçîâàíèè òàêèõ
ïÿòèìåðíûõ âëîæåíèé åñëè ìû íàêëàäûâàåì åñòåñòâåííûå
íà÷àëüíûå óñëîâèÿ â íà÷àëå èíôëÿöèè, òî ê íàñòîÿùåìó
ìîìåíòó òåîðèÿ ïåðåõîäèò â ÎÒÎ, ò.å. ïëîòíîñòü ôèêòèâíîé
ìàòåðèè ñòàíîâèòñÿ èñ÷åçàþùå ìàëà
(S. P., A.A. Sheykin, IJMPD, 21:5 (2012), 1250043, arXiv:1106.5212).

Èñïîëüçîâàíèå âëîæåíèé, äëÿ êîòîðûõ ïîâåðõíîñòü ëåæèò â
5-ìåðíîì ïîäïðîñòðàíñòâå 10-ìåðíîãî îáúåìëþùåãî
ïðîñòðàíñòâà, âûãëÿäèò íååñòåñòâåííî. Â äàëüíåéøåì
ïðåäïîëàãàåòñÿ ïîâòîðèòü àíàëèç ñ èñïîëüçîâàíèåì
ðàçâåðíóòûõ âëîæåíèé, çàíèìàþùèõ âñå èìåþùèå 10
èçìåðåíèé.
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Îäíàêî, åñëè î åñòåñòâåííîñòè âûáîðà íà÷àëüíûõ óñëîâèé íå
äóìàòü, òî ìîæíî ïîëó÷èòü õîðîøåå ñîãëàñèå ñ íàáëþäåíèÿìè
â íàñòîÿùåå âðåìÿ:

(A. Davidson, D. Karasik, Y. Lederer, arXiv:gr-qc/0111107).
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Àíàëèç íà ìåíüøèõ ìàñøòàáàõ

Áóäåì èíòåðåñîâàòüñÿ ðåøåíèÿìè, äëÿ êîòîðûõ ôèêòèâíàÿ
ìàòåðèÿ â íàñòîÿùåå âðåìÿ ïîõîæà íà õîëîäíóþ òåìíóþ
ìàòåðèþ:

τµν ≈ ρτδ
µ
0
δν0 , τ0k , τ ik ≪ ρτ (28)

Ïðåíåáðåãàÿ îáëàñòÿìè ñèëüíîãî ãðàâèòàöèîííîãî ïîëÿ è
ýôôåêòàìè ðàñøèðåíèÿ âñåëåííîé (îãðàíè÷èâàåìñÿ íå
ñëèøêîì áîëüøèì âðåìåííûì èíòåðâàëîì):

gµν = ηµν + hµν (29)

Òîãäà â ãëàâíîì ïðèáëèæåíèè:

∂µτ
µν = 0 ⇒ ∂0ρτ = 0 (30)
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Ïðåäïîëîæèì, ÷òî â ðåçóëüòàòå ðàñøèðåíèÿ âñåëåííîé
âîçíèêàåò ïî÷òè îäíîðîäíîå ðàñïðåäåëåíèå ôèêòèâíîé
ìàòåðèè ñ ρτ > 0.

Çàòåì ôëóêòóàöèè ïëîòíîñòè íàðàñòàþò, â ðåçóëüòàòå ÷åãî
ìîãóò âîçíèêàòü ñòàòè÷åñêèå ñãóùåíèÿ, ïîèñê èõ âîçìîæíûõ
âàðèàíòîâ � ãëàâíàÿ öåëü!

(S. P., A.J. Ziyatdinov, arXiv:2509.00980)
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Ìåòðèêà ïî÷òè ïëîñêàÿ, çíà÷èò

ya = ȳa + qa (31)

ãäå ȳa � ôîíîâîå âëîæåíèå ìåòðèêè ïðîñòðàíñòâà Ìèíêîâñêîãî.

Â ëèíåéíîì ïðèáëèæåíèè:

hµν = ∂µξν + ∂νξµ − 2qab̄
a
µν (32)

ãäå ξµ = qa∂µȳ
a, b̄aµν = ∂µ∂ν ȳ

a

Äëÿ âçàèìíîîäíîçíà÷íîãî ñîîòâåòñòâèÿ hµν ↔ qa íóæíà
ðàçâåðíóòîñòü ȳa: ìàêñèìàëüíî âîçìîæíîå çíà÷åíèå 6
ðàíãà b̄aµν .
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Áóäåì ðàññìàòðèâàòü äîñòàòî÷íî ìàëåíüêóþ îáëàñòü, â
êîòîðîé âíåøíÿÿ êðèâèçíà ôîíîâîé ïîâåðõíîñòè b̄aµν ìàëî
ìåíÿåòñÿ, òîãäà ïîâîðîòîì îñåé:

b̄aµν = δaAB
A
µν (33)

ãäå A = 4, .., 9, è BA
µν = BA

νµ � êîíñòàíòà,

BA
µαB

A
νβ − BA

µβB
A
να = 0 (34)

Ïóñòü BA
µν ∼ 1

L
, òîãäà ðàçìåð îáëàñòè äîëæåí áûòü ìíîãî

ìåíüøå L.
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Åñëè ãðàâèòàöèîííîå ïîëå hµν , à çíà÷èò è qa, äîñòàòî÷íî ìàëî,
òî:

baµν = Dµ∂νy
a ≈ b̄aµν = δaAB

A
µν (35)

Òîãäà ôèêòèâíàÿ ìàòåðèÿ â ëèíåéíîì ðåæèìå:

τµνbaµν = 0 ⇒ τµνBA
µν = 0 ⇒

τ ik = −αik
A

(
τ00BA

00 + 2τ0mBA
0m

)
≈ −αik

AB
A
00ρτ = wikρτ (36)

ãäå

αik
A = αki

A , αik
AB

B
ik = δBA , wik = −BA

00α
ik
A ≪ 1 (37)
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Ïðè óñèëåíèè ãðàâèòàöèè óðàâíåíèå óæå íåëèíåéíî ïî τµν :

τµνDµ∂ν (ȳ
a + qa[h[T + τ ]]) = 0 ⇒ τ ik = wik [φ]ρτ (38)

Âíå ëèíåéíîãî ðåæèìà äåéñòâóþùàÿ íà ôèêòèâíóþ ìàòåðèþ
ñèëà

∂0τ
0k = −ρτ∂kφ− ∂i (wik [φ]ρτ ) (39)

èìååò äîñòàòî÷íî ñëó÷àéíîå íàïðàâëåíèå (ïîñêîëüêó wik

íåëîêàëüíî çàâèñèò îò ãðàâèòàöèîííîãî ïîòåíöèàëà φ) è
çàâèñèò îò âðåìåíè, ïîñêîëüêó òðåáîâàíèå åå íåçàâèñèìîñòè îò
âðåìåíè ∂0w

ik = 0 ïðèâîäèò ê ïîÿâëåíèþ ñëèøêîì áîëüøîãî
êîëè÷åñòâà óðàâíåíèé íà qa è íå ìîæåò áûòü âûïîëíåíî.

Ñ.À. Ïàñòîí (ÑÏáÃÓ, ÏÈßÔ) Òåìíàÿ ìàòåðèÿ â ïîäõîäå òåîðèè âëîæåíèÿ:... 31 / 52



Íàëè÷èå òàêîé ñèëû ïðåïÿòñòâóåò âîçíèêíîâåíèþ ñòàòè÷åñêèõ
ñãóùåíèé ôèêòèâíîé ìàòåðèè (�ðàçìûâàåò� èõ), ÷òî äàåò
îñíîâàíèÿ ïîëàãàòü, ÷òî ñóùåñòâåííûå ñãóùåíèÿ âîçíèêàþò
òîëüêî â ëèíåéíîì ðåæèìå, ïîêà

ρ+ ρτ < ρb (40)

Â íåëèíåéíîì æå ðåæèìå, êîòîðûé, â ÷àñòíîñòè, îáÿçàòåëüíî
âîçíèêàåò êîãäà ρ > ρb, åñòü îñíîâàíèÿ ñ÷èòàòü, ÷òî ρτ
íàñòîëüêî ìàëî, ÷òî åãî âëèÿíèå íà ãðàâèòàöèîííîå ïîëå
íåçàìåòíî.
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Îöåíèì ãðàíè÷íîå çíà÷åíèå ρb, îòäåëÿþùåå ëèíåéíûé ðåæèì
ôèêòèâíîé ìàòåðèè îò íåëèíåéíîãî.

Ñâÿçü hµν è qa:

hµν = ∂µqν + ∂νqµ − 2qAB
A
µν (41)

Èç óðàâíåíèé Ýéíøòåéíà èìååì â ãàðìîíè÷åñêèõ êîîðäèíàòàõ:

hµν = 2φδµν (42)

ãäå φ � íüþòîíîâñêèé ãðàâèòàöèîííûé ïîòåíöèàë, çíà÷èò

qA ∼ Lφ (43)
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Èìååì

baµν = ∂µ∂νy
a − Γαµν∂αy

a = b̄aµν + ∂µ∂νq
a − Γαµν∂αy

a (44)

Ãðóáî ñ÷èòàÿ, ÷òî ïðè äåéñòâèè íà φ âåðíî ∂k ∼ 1/r , ∂0 ∼ 1/t,
ïîëó÷àåì

bAik − b̄Aik ∼ L

r2
φ, bA00 − b̄A00 ∼

L

t2
φ (45)

Äëÿ ñòàòè÷åñêîãî ñëó÷àÿ óñëîâèå âûïîëíåíèÿ ëèíåéíîãî
ðåæèìà:

bAik − b̄Aik ≪ 1

L
⇒ φ

r2
≪ 1

L2
(46)

Ñ ó÷åòîì

∂i∂iφ = 4πG (ρ+ ρτ ) (47)

ïîëó÷àåì

4πG (ρ+ ρτ ) = ∂i∂iφ <
φ

r2
≪ 1

L2
⇒ ρb =

1

4πGL2
(48)
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Îöåíêà çíà÷åíèÿ L

Äëÿ íàøåé îáëàñòè ïðîñòðàíñòâà-âðåìåíè, åñëè èñõîäèòü èç
çíà÷åíèÿ ïëîòíîñòè òåìíîé ìàòåðèè 0.01M⊙/ïê

3 â áîëüøîé
îêðåñòíîñòè Ñîëíå÷íîé ñèñòåìû, ãäå ïîëíàÿ ñðåäíÿÿ ïëîòíîñòü
0.1M⊙/ïê

3, òî ìîæíî âçÿòü

ρb = 0.1M⊙/ïê
3 ⇒ L = 4Mïê (49)

Åñëè èñõîäèòü èç áîëåå íàäåæíûõ äàííûõ, òî ìîæíî áðàòü L â
íåñêîëüêî ðàç áîëüøå, ÷òî áëèçêî ê ðàçìåðó ìåñòíîé ãðóïïû
ãàëàêòèê.
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Ñõîäñòâî è îòëè÷èå ñ MOND

MOND:
îòëè÷èÿ îò ÎÒÎ ïîñòóëàòèâíî ïîÿâëÿþòñÿ, êîãäà ìåíüøå
ãðàíè÷íîãî çíà÷åíèÿ a0 îêàçûâàåòñÿ

∂kφ ∼ φ

r
(50)

Çäåñü:
îòëè÷èÿ îò ÎÒÎ, ïîÿâëÿþòñÿ êîãäà ìåíüøå ãðàíè÷íîãî

çíà÷åíèÿ
1

L2
îêàçûâàåòñÿ

∂i∂kφ ∼ φ

r2
(51)

âñëåäñòâèå òîãî, ÷òî ôèêòèâíàÿ ìàòåðèÿ òåîðèè âëîæåíèÿ
âõîäèò â ëèíåéíûé ðåæèì è åå âëèÿíèå íà ãðàâèòàöèîííîå ïîëå
ñòàíîâèòñÿ çàìåòíûì.
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Ïîèñê ñòàòè÷åñêèõ ñãóùåíèé, âîçíèêàþùèõ â ëèíåéíîì ðåæèìå

Ñ÷èòàåì, ÷òî îáû÷íàÿ ìàòåðèÿ îòñóòñòâóåò.

Óñëîâèå ñòàòè÷íîñòè:

ρτ∂iφ+ wik∂kρτ = 0 (52)

Åñëè ρτ ̸= 0, òî

∂iφ+ wik∂kz = 0 (53)

ãäå z = ln(ρτ/ρ̃).
Ïðè ýòîì èìååì óðàâíåíèå Ïóàññîíà:

∂i∂iφ = 4πG ρ̃ ez (54)

Äèàãîíàëèçóåì ìàòðèöó wik : wik = diag{w1,w2,w3}, òîãäà

(w1−w2)∂1∂2z = 0, (w1−w3)∂1∂3z = 0, (w2−w3)∂2∂3z = 0

(w1−w2)∂1∂2φ = 0, (w1−w3)∂1∂3φ = 0, (w2−w3)∂2∂3φ = 0 (55)
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Ñëó÷àé 1 � âñå wj ðàçíûå

Îáå âåëè÷èíû z è φ äîëæíû áûòü ñóììîé ôóíêöèé îò x1, îò
x2 è îò x3. Òîãäà èç óðàâíåíèÿ Ïóàññîíà íàõîäèì, ÷òî
çàâèñèìîñòü îò x2, x3 îòñóòñòâóåò, âñå çàâèñèò òîëüêî îò x1.

Òîãäà íàõîäèì

z = C1 −
φ

w1

⇒ φ′′ (x1) = C2e
−φ(x1)/w1 (56)

Ðåøåíèå ñ óáûâàþùåé ïëîòíîñòüþ òîëüêî ïðè w1 > 0:

φ = φ0 + 2w ln

(
ch

x1 − x1
0

δ

)
, ρτ =

ρ0

ch2
x1−x1

0

δ

(57)

Ýòî ñãóùåíèå òèïà òîëñòàÿ ñòåíêà, åå òîëùèíà δ, à ïëîòíîñòü â
öåíòðå:

ρ0 =
w

2πGδ2
(58)
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Ñëó÷àé 2 � äâà èç òðåõ wj ñîâïàäàþò

ò.å. w ≡ w1 = w2 ̸= w3

Îáå âåëè÷èíû z è φ äîëæíû áûòü ñóììîé ôóíêöèé îò x1, x2 è
îò x3. Òîãäà èç óðàâíåíèÿ Ïóàññîíà íàõîäèì, ÷òî âñå çàâèñèò
èëè îò x1, x2, èëè îò x3 (íî ýòîò âàðèàíò óæå ðàññìîòðåí).

Äëÿ ïåðâîãî âàðèàíòà íàõîäèì

z = C1 −
φ

w
⇒

(
∂21 + ∂22

)
φ = C2e

−φ/w (59)

� õîðîøî èçâåñòíîå óðàâíåíèå Ëèóâèëëÿ.

Ðåøåíèÿ ñ óáûâàþùåé ïëîòíîñòüþ òîëüêî ïðè w > 0, ïðè÷åì
åñëè ïëîòíîñòü èíòåãðèðóåìà, òî îíè SO(2) ñèììåòðè÷íû
âîêðóã íåêîòîðîãî öåíòðà
(W. Chen, C. Li, �Classi�cation of solutions of some nonlinear elliptic

equations�, Duke Mathematical journal, 63: 3 (1991), 615�622).

Óñëîâèå óäàåòñÿ óñèëèòü äî ïðîñòîãî óáûâàíèÿ ïëîòíîñòè.
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Äëÿ òàêèõ ðåøåíèé:

φ′′(s) +
1

s
φ′(s) = C2e

−φ(s)/w , sφ′(s) −→
s→0

0 (60)

ãäå s =
√

x12 + x22.

Ðåøåíèå:

φ(s) = φ0 + 2w ln

(
1+

s2

δ2

)
, ρτ =

ρ0(
1+

s2

δ2

)2
(61)

Ýòî ñãóùåíèå òèïà òîëñòàÿ ñòðóíà, åå òîëùèíà δ, à ïëîòíîñòü â
öåíòðå:

ρ0 =
2w

πGδ2
(62)
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Ïîëó÷åííûå ñãóùåíèÿ òèïà ñòåíêà è ñòðóíà ìîæíî ïîïûòàòüñÿ
ñâÿçàòü ñ íàáëþäàåìûìè äâóìåðíûìè è îäíîìåðíûìè
ñòðóêòóðàìè, ñôîðìèðîâàííûìè èç ãàëàêòèê �
ëèñòîîáðàçíûìè òîíêèìè ñòåíêàìè (sheet-like tenuous walls) è
äëèííûìè âûòÿíóòûìè íèòÿìè (long elongated �laments).

Ýòîò âîïðîñ òðåáóåò äîïîëíèòåëüíîãî èññëåäîâàíèÿ.

Ñ.À. Ïàñòîí (ÑÏáÃÓ, ÏÈßÔ) Òåìíàÿ ìàòåðèÿ â ïîäõîäå òåîðèè âëîæåíèÿ:... 41 / 52



Ñëó÷àé 3 � âñå òðè wj ñîâïàäàþò

ò.å. wik = wδik ⇒ ôèêòèâíàÿ ìàòåðèÿ èìååò äàâëåíèå
pτ = wρτ , à çíà÷èò ÿâëÿåòñÿ èçîòåðìè÷åñêèì èäåàëüíûì ãàçîì
(åñëè w > 0, íî èíà÷å ñòàòè÷åñêèõ ñãóùåíèé íå áóäåò)

Äëÿ ýòîãî ñëó÷àÿ íàõîäèì

z = C1 −
φ

w
⇒ ∂i∂iφ = C2e

−φ/w (63)

� 3õ-ìåðíûé àíàëîã óðàâíåíèÿ Ëèóâèëëÿ.

Îãðàíè÷èâàåìñÿ àíàëèçîì ñôåðè÷åñêè ñèììåòðè÷íûõ ðåøåíèé
(ìîæíî ïðåäïîëàãàòü, ÷òî äðóãèõ íåò, íî äîêàçàòåëüñòâî ýòîãî
íå èçâåñòíî, â îòëè÷èå îò 2õ-ìåðíîãî ñëó÷àÿ).

Òîãäà èìååì

φ′′(r) +
2

r
φ′(r) = C2e

−φ(r)/w , r2φ′(r) −→
r→0

0 (64)
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Òàêàÿ çàäà÷à î íàõîæäåíèè ïðîôèëÿ ïëîòíîñòè ðàñïðåäåëåíèÿ
ñàìîãðàâèòèðóþùåé èçîòåðìè÷åñêîé ñôåðû âñòðå÷àåòñÿ ïðè
èçó÷åíèè çâåçäíîé äèíàìèêè
(J. Binney, S. Tremaine, �Galactic Dynamics: Second Edition�, Princeton

University Press, Princeton and Oxford, 2008, ðàçäåë 4.3.3(b)).

Èçâåñòíî îäíî ñèíãóëÿðíîå â öåíòðå ðåøåíèå � ñèíãóëÿðíàÿ
èçîòåðìè÷åñêàÿ ñôåðà, à òàêæå îäíîïàðàìåòðè÷åñêîå
ñåìåéñòâî êîíå÷íûõ â öåíòðå ðåøåíèé, êîòîðûå íàõîäÿòñÿ
÷èñëåííî.
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Äëÿ óäîáñòâà àíàëèçà óðàâíåíèÿ ìîæíî èçáàâèòüñÿ îò
êîíñòàíò:

φ̃′′(r̃) +
2

r̃
φ̃′(r̃) + eφ̃(r̃) = 0 (65)

ãäå r = r̃
√
w/C2, φ = −w φ̃.

Ñäåëàåì çàìåíû r̃ = eu, φ̃(r̃) = γ(u)− 2u, òîãäà

γ′′(u) + γ′(u)− 2+ eγ(u) = 0 (66)

Ïîíèæåíèå ïîðÿäêà çàìåíîé ψ(γ) = γ′(u):

ψ(γ)ψ′(γ) + ψ(γ)− 2+ eγ = 0 (67)

Ïîòåðÿíî êîíñòàíòíîå ðåøåíèå γ(u) = ln 2, êîòîðîìó
ñîîòâåòñòâóåò

φ(r) = w ln
C2r

2

2w
, ρτ =

w

2πG r2
(68)

� ýòîò ïðîôèëü ðàñïðåäåëåíèÿ èçâåñòåí êàê ñèíãóëÿðíàÿ
èçîòåðìè÷åñêàÿ ñôåðà. Íî ïëîòíîñòü ðàñòåò íåîãðàíè÷åííî!
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Îñòàëüíûå ðåøåíèÿ ìîæíî ñòðîèòü, ðåøàÿ óðàâíåíèå 1îãî
ïîðÿäêà (67).

Óäàåòñÿ ïîêàçàòü, ÷òî ñ ó÷åòîì óñëîâèÿ â öåíòðå, ðåøåíèå
åäèíñòâåííî è ñîîòâåòñòâóåò ψ(γ) −→

γ→−∞
2.

Ê γ(u) âîçâðàùàåìñÿ èç ñîîòíîøåíèÿ∫
dγ

ψ(γ)
= u + const (69)

Ñîîòâåòñòâóþùàÿ φ̃(r̃) îêàçûâàåòñÿ êîíå÷íà ïðè r̃ → 0 (êîãäà
u → −∞ è γ → −∞) è âûáîðîì êîíñòàíòû ìîæíî âûáðàòü
ðåøåíèå ñ φ̃(0) = 0, à îñòàëüíûå ïîëó÷àòü èç íåãî ñäâèãîì u.
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Â èòîãå ïîëó÷àåì ðåøåíèå:

φ(r) = φ0 − w φ̂

(
4r

δ

)
(70)

ãäå φ̂(r̃) åäèíñòâåííîå ðåøåíèå çàäà÷è

φ̂′′(r̃) +
2

r̃
φ̂′(r̃) + eφ̂(r̃) = 0, r̃2φ̂′(r̃) −→

r→0
0, φ̂(r̃) −→

r→0
0 (71)

êîòîðîå íàõîäèòñÿ ÷èñëåííî.

5 10 15
r̃

-5

-4

-3

-2

-1

φ( r̃ )

Ïðèìåðíî ïðè r = δ îêàçûâàåòñÿ φ′′(r) = 0 � íà ýòîì
ðàññòîÿíèè ñèëà ãðàâèòàöèîííîãî ïðèòÿæåíèÿ ìàêñèìàëüíà.
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Ñîîòâåòñòâóþùèé èçîòåðìè÷åñêèé ïðîôèëü ïëîòíîñòè
íàéäåííîãî ñãóùåíèÿ òèïà øàð:

ρτ = ρ0 exp

(
φ̂

(
4r

δ

))
, ρ0 =

4w

πGδ2
(72)

ãäå ïëîòíîñòü â öåíòðå ρ0 êàê è â ïðåäûäóùèõ ñëó÷àÿõ ñâÿçàíà
ñ ðàçìåðîì δ.

Ñðàâíåíèå èçîòåðìè÷åñêîãî (ñïëîøíàÿ ëèíèÿ), èñïîëüçóåìîãî ïðè

ôèòèðîâàíèè òåìíûõ ãàëî ïñåâäîèçîòåðìè÷åñêîãî ρiso =
ρ0

1+ r2

r2
0

(ïóíêòèð)

è ñèíãóëÿðíîãî èçîòåðìè÷åñêîãî (òî÷êè) ïðîôèëåé:

1 2 3 4
r/δ

0.2

0.4

0.6

0.8

1.0

ρ/ρ0
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Ïðè áîëüøèõ r :

ρτ ≈ ρ0
δ2

8r2
exp

(
0.6

√
δ

r
sin

(√
7

2
ln

(
2.7r

δ

)))
(73)

(íàõîäèòñÿ ïî òåîðèè âîçìóùåíèé âîêðóã ñèíãóëÿðíîãî
èçîòåðìè÷åñêîãî ïðîôèëÿ, êîýôôèöèåíòû íàéäåíû ÷èñëåííî).

Â ãëàâíîì ïðèáëèæåíèè:

ρτ ≈ ρ0δ
2

8r2
=

w

2πG

1

r2
(74)
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Åñëè ïðè áîëüøèõ r ïðåíåáðå÷ü âêëàäîì îáû÷íîé ìàòåðèè,
ó÷èòûâàÿ òîëüêî ôèêòèâíóþ, èìååì

M(r) =

r∫
0

dr 4πr2ρτ = M1+

r∫
r1

dr 4πr2
w

2πGr2
= M1+

2w(r − r1)

G
(75)

îòêóäà

v(r) =

√
GM(r)

r
≈

√
2w (76)

ïðè áîëüøèõ r , ò.å. êðèâàÿ âðàùåíèÿ âûõîäèò íà ïëàòî, âûñîòà
êîòîðîãî îïðåäåëÿåòñÿ çíà÷åíèåì w . Îíî îïðåäåëÿåòñÿ
ôîíîâûì âëîæåíèåì ȳa è äîñòàòî÷íî ìåäëåííî ìåíÿåòñÿ â
ïðîñòðàíñòâå.

Èíòåðåñíî, ÷òî äëÿ Ìëå÷íîãî ïóòè è ãàëàêòèêè Àíäðîìåäà
ïðåäïîëàãàåìûé âêëàä òåìíîé ìàòåðèè â âûñîòó ïëàòî âåñüìà
áëèçêè, ñîñòàâëÿÿ îêîëî 180 êì/c.
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Äëÿ øàðîîáðàçíûõ ñãóùåíèé ïîëó÷àåòñÿ

δ =

√
2

πG

v∗√
ρ0

⇒ Mloc ∼ ρ0δ
3 ∼ v3∗√

ρ0
(77)

ãäå Mloc � ìàññà ëîêàëèçîâàííîé ÷àñòè ôèêòèâíîé ìàòåðèè.

Ýòî ñîîòíîøåíèå ìîæíî ïûòàòüñÿ ñðàâíèâàòü ñ ïîëó÷àåìûì èç
íàáëþäåíèé áàðèîííûì çàêîíîì Òàëëè-Ôèøåðà:

Mbar ∼ v ζ∗ (78)

ãäå ζ îò 3.5 äî 4, à Mbar � áàðèîííàÿ ìàññà ãàëàêòèêè.

Ýòîò âîïðîñ òðåáóåò äîïîëíèòåëüíîãî èññëåäîâàíèÿ.
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Core-cusp ïðîáëåìà

íàáëþäåíèÿ â îñíîâíîì ïîêàçûâàþò ãëàäêîå â öåíòðå
ðàñïðåäåëåíèå äëÿ ïëîòíîñòè ρ ìàòåðèè â ãàëàêòèêàõ � core:

â òî âðåìÿ êàê ÷èñëåííûå ñèìóëÿöèè ïðèâîäÿò ê ðîñòó
ρ ∼ rα, α ≈ −1 ïëîòíîñòè â öåíòðå � cusp:

÷òî ñîîòâåòñòâóåò ãðàâèòàöèîííîìó ïîòåíöèàëó φ:
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Åñòü àðãóìåíòû â ïîëüçó òîãî, ÷òî åñëè ðàñïðåäåëåíèå îáû÷íîé
ìàòåðèè (ñîñòîÿùåé èç ÷àñòèö) ôîðìèðóåòñÿ â çàðàíåå
çàäàííîé (íàïðèìåð � ôèêòèâíîé ìàòåðèåé) ñôåðè÷åñêè
ñèììåòðè÷íîé ïîòåíöèàëüíîé ÿìå, òî âîçíèêàåò èìåííî
core-ïðîôèëü
(A. D. Kapustin, S. P., �Analytical analysis of the origin of core-cusp matter

density distributions in galaxies�, JCAP, 2022: 11 (2022), 025,

arXiv:2207.04288).

Ïîýòîìó ñóùåñòâîâàíèå øàðîîáðàçíûõ ñãóùåíèé ôèêòèâíîé
ìàòåðèè ìîæåò îáúÿñíèòü, ïî÷åìó íå íàáëþäàþòñÿ
ïðåäñêàçûâàåìûé ìíîãî÷àñòè÷íûìè ñèìóëÿöèÿìè
cusp-ïðîôèëü.

Ïðè ýòîì âàæíî, ÷òî ôèêòèâíàÿ ìàòåðèÿ òåîðèè âëîæåíèÿ
ñàìà èç ÷àñòèö íå ñîñòîèò è ê íåé ðåçóëüòàòû òàêèõ ñèìóëÿöèé
íå ïðèìåíèìû.
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